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HIGHER FROBENIUS-SCHUR INDICATORS FOR PIVOTAL CATEGORIES 


SIU-HUNG NG AND PETER SCHAUENBURG 


Abstract. We define higher Frobenius-Schur indicators for objects in linear pivotal monoidal cat¬ 
egories. We prove that they are category invariants, and take values in the cyclotomic integers. We 
also define a family of natural endomorphisms of the identity endofunctor on a fc-linear semisim¬ 
ple rigid monoidal category, which we call the Frobenius-Schur endomorphisms. For a fc-linear 
semisimple pivotal monoidal category — where both notions are defined —, the Frobenius-Schur 
indicators can be computed as traces of the Frobenius-Schur endomorphisms. 


Introduction 

The classical (degree two) Frobenius-Schur indicator (V) of an irreducible representation V of 
a finite group G has been generalized to Frobenius-Schur indicators of simple modules of semisimple 
Hopf algebras by Linchenko and Montgomery [12], to certain C*-fusion categories by Fuchs, Ganchev, 
Szlachanyi, and Vescernyes [5], and further to simple objects in pivotal (or sovereign) categories by 
Fuchs and Schweigert [6]; Mason and Ng [13] treated the case of simple modules over semisimple 
quasi-Hopf algebras. As in the classical case, the indicator always takes one of the values 0, ±1, and 
is related to the question if and how the representation in consideration is self-dual. In the last case, 
proving that v-iiV) 6 {0,±1} uses the result of Etingof, Nikshych, and Ostrik [4] that the module 
category of a semisimple complex quasi-Hopf algebra is a pivotal monoidal category. A different 
proof based on this pivotal structure and the description of indicators in [5] was given in [17]. 

The higher indicators v n (V) of an irreducible group representation V , which have less obvious 
meaning for the structure of V , were generalized to simple modules of a semisimple Hopf algebra by 
Kashina, Sommerhauser, and Zhu [10]. 

In the present paper we define and study higher Frobenius-Schur indicators v n (V) for an object V 
of a fc-linear pivotal monoidal category C. We do this with a view towards the categories of modules 
over semisimple complex quasi-Hopf algebras, though we will only give the (quite involved) explicit 
formulas and examples for that case in another paper [14]. 

Our definition of v n (V) is as the trace of an endomorphism Ey of the vector space of morphisms 
C(7, V®"), where / is the unit object. The endomorphism arises from a special case of a map 
C(/, V®W) —» C(7, W® V) defined for any two objects in terms of duality and the pivotal structure. 
In the case where V is an 17-module for a semisimple Hopf algebra H , we can identify C(J, V® ra ) 
with the invariant subspace (V® n ) H , and Ey' ] is given by a cyclic permutation; the description of 
v n (y) as a trace in this case is contained in [10]. If n = 2 and V is simple, then C(I,V (g> V) is 
one-dimensional or vanishes. Thus Ey is (at most) a scalar, which coincides with its trace; that 
computing the trace in a different way leads to the indicator formulas from [13] was shown in [17]. 

/ o \ 

An endomorphism of C(V v ,V) conjugate to Ey' is also used to describe the degree two indicator 
in [5] (and to define Ey * in [17]). The maps Ey' 1 have been studied in connection with 3-manifold 
invariants by Gelfand and Kazhdan [7]. 

We prove that the higher indicators are invariant under equivalences of pivotal monoidal cat¬ 
egories, and that equivalences of pseudo-unital fusion categories (which are pivotal categories by 
[4]) are automatically pivotal equivalences. While these invariance properties are to be expected 
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from the categorical nature of the definitions, the proofs are not obvious. In particular, it would be 
tautological to assume to be dealing with strict categories (on grounds that every monoidal category 
is equivalent to a strict one) to prove invariance of certain properties under equivalence. Barrett 
and Westbury [2] have proved (although starting from a different set of axioms) that every pivotal 
monoidal category is equivalent to a strict one. By the invariance results we have proved, it is then 
sufficient to assume such a simplified structure of C when proving general properties of Ey’ and 
v n (V). We prove, in section 5, that the order of Ey ^ divides n ; this is stated in [7] and proved for 
n = 2 (and C strict). In particular, the possible values of the higher Frobenius-Schur indicators are 
cyclotomic integers; this is well-known for the group case, where the higher indicators are in fact 
always integers, and proved for the Hopf algebra case in [10]. Finally, we show that the Frobenius- 
Schur indicator of an object V in a pivotal fusion category can be computed as the trace (in a 
suitable sense) of a natural endomorphism of V, which we call the Frobenius-Schur endomorphism. 

The organization of the paper is as follows: we cover in Section 1 some basic definitions, notations, 
conventions and preliminary results of pivotal monoidal categories for the remaining discussion. In 
Section 2, we give a proof that every pivotal monoidal category is equivalent, as pivotal monoidal 
categories, to a strict one. We then define a sequence of scalars v n (V), called the higher Frobenius- 
Schur indicators , for each object V in a fc-linear pivotal monoidal category in Section 3. We prove in 
Section 4 that these higher Frobenius-Schur indicators are invariant under fc-linear pivotal monoidal 
equivalences. This result allows one to study these indicators by considering only the strict fc-linear 
pivotal monoidal categories and we prove in Section 5 that all the higher Frobenius-Schur indicators 
for a fc-linear pivotal monoidal category are cyclotomic integers provided the characteristic of the 
algebraically closed field k is zero. In Section 6, we consider the higher Frobenius-Schur indicators 
for a pseudo-unitary fusion category over C. In this case, we show that these indicators are invariant 
under fc-linearly monoidal equivalence. Finally, in Section 7, we show that the nth Frobenius-Schur 
indicator of an object V in a semisimple fc-linear pivotal monoidal category isthe pivotal trace 

(n) 

of a natural endomorphism FS(,', called the Frobenius-Schur endomorphism. In another paper 
[14] we will study the pivotal fusion categories of modules over a semisimple complex quasi-Hopf 
algebra. In this case the Frobenius-Schur endomorphisms correspond to central gauge invariants 
in the quasi-Hopf algebras. The indicators are obtained by applying the representation’s character, 
which corresponds precisely to the definition of higher indicators in [10] for the case of ordinary Hopf 
algebras. 
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05-1-0020. The second author thanks the Deutsche Forschungsgemeinschaft for support by a Heisen¬ 
berg fellowship, the Institute of Mathematics of Tsukuba University for its hospitality, and Akira 
Masuoka for being the perfect host. 


1. Preliminaries 

We will first fix some conventions: In a monoidal category C, the associativity isomorphism is 
$: (U ® V) (g> W —> U <g> (V <g> W ). We will make the assumption that the unit object in a monoidal 
category is always strict, V ® I = V = I ®V. As pointed out in [16], this assumption can always be 
made true after replacing the tensor product in C with an isomorphic one. For the purpose of this 
paper however (where frequently the question of invariance of certain constructions under tensor 
equivalences is key) this may not be a rigorous justification; we simply make the assumption that / 
is a strict unit for simplicity, and hold that the general case can be treated by an insignificant but 
annoying expansion of all proofs. By the well-known coherence theorem for monoidal categories, if 
X, Y € C are formed by tensoring the same sequence of objects Vj,..., V n € C, only with different 
placement of parentheses, then there is a unique morphism <h ? : X —> Y composed formally from 
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instances of $ and <I> _1 . (By a “formal” composition of instances of <f> and $ _1 we mean one that 
could be written down in a suitably defined free category, excluding compositions that only become 
possible because “formally different” objects happen to be identical in the concrete category at hand; 
such accidental composites may of course fail to agree.) As a simple example 


$'■ = <1> -1 (T ® $) = <g> W)®- 1 : T ® ((17 <g> V) ®W) -> (T ®U) <g> (V ® W). 

A monoidal functor (J 7 , £): C —*■ T> will have the structure isomorphism £: T(V) ® X(W) —> 
T{V ® W). We will assume that the structure isomorphism for the unit objects is the identity 
T(I) = I. Given a general monoidal functor (T, £,£o) with £o : I —> •F(J) not the identity, this can 
always be achieved by replacing T with an isomorphic functor T' whose object map is given by 
= 3-{X) if X ^ /, and T'(I) = I. Let X be obtained from tensoring a sequence V),..., V„ 
of objects of C with some choice of parentheses, and let X' be obtained from V( = T (Vi) in the 
same way. We will use the following special case of coherence of monoidal functors: There is a 
unique formal composition £■ : X' —> T(X) of instances of £, and if Y,Y' are obtained from the 
same sequence of objects with a different placement of parentheses, then 


X' 




Y' 


■HX) 

?(*■) 

■X(Y) 


commutes. The coherence result of Epstein [3] treats the case of symmetric monoidal functors 
between symmetric monoidal categories; the diagram above is contained in the appropriate analog 
for the non-symmetric case, obtained essentially by just leaving out the symmetry. This is certainly 
folklore; a proof can be extracted from [3]. 

A (left) dual object of V € C is a triple (E v ,ev,db) with an object V v £ C and morphisms 
ev : V v (g> V —> / and db : / —> V <8> V v such that the compositions 

V (b®b v )®V^k®(k v ® V) V, 

E v ^ V0d - b > E v ® (V ® V v ) ~ (V v ®V)®V v e - v - 8VV > E v 

are identities. We say that C is (left) rigid if every object has a dual. We use the notation V E for the 
symmetric notion of a right dual of an object V £ C; this is the same as a left dual in the category 
C sym in which the tensor product is defined in the reverse order. 

For any object V of a monoidal category having a dual object V v , we obtain an adjunction 

A 0 : C(U, V ®W) = C(V W ® U , W) 
by 

A 0 (f) = (v v ®U V v ®(V ® W) ^ (E v <g> V) ® W > w'j , 

A~\ g ) = (u (v ® y v ) ® u ^ v ® {v v ® u) v ® w). 

In the case U = I we abbreviate 

(1.1) A ViW = A 0 : C(I,V®W) — >C(V v ,W). 

We will simply write A for Ay,w when the context is clear. 

By the uniqueness of adjoints, dual objects in a monoidal category are unique: If (V v , ev, db) and 
(E 0 ,ev , ,db / ) are dual objects of V, then an isomorphism v. V° —► V v is uniquely determined by 
either of the conditions ev(E ® v) = ev' or (V ® v) db 7 = db. An instance of this is the compatibility 
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of duals and tensor products: Given duals of V and W in C, we get a dual ( W v <g> F v ,ev,db) of 
V <g> W, where 


ev = ^(W v 0 V v ) ®(V®W) ^W v ® ((V v y V ^ ev - s y > w v ®W ^ I 

db = (i ^ V ® V v ■ V . g . db . g . y . v > v ® {{W (8) W w ) ® V y ) (V ® W) ® {W v ® V v ) N ] 


If (V ® W) w is another dual of V ® W, this yields a unique isomorphism £ : W y ® V v —> (V ® W) w 
with ev = ev v ®w{C <S> V ® W) and db v <$ w = (V ®W ® £)d~b. 

If C is rigid, and we choose a dual object for each object in C, then (-) v is a contravariant functor 
in a natural way; we will always choose / v = /, with both morphisms ev and db identities. In this 
case the morphisms £ are the components of a monoidal functor structure on (-) v . 

Let C,V be two rigid monoidal categories. Fix a left dual (X v ,ev, db) for each object X in C 
or D , and make (-) v contravariant functors in the natural way. Let (J-, £): C —> D be a monoidal 
functor, with monoidal functor structure £: P(X) ® P{Y) —> T{X 0 V). Then for each X e C, we 
have a dual T(X)° = (^(X^jev'jdb') of F(X) in V, with 

ev' = (V(X v ) 0 X{X) ^ T(X W ® X) I 
db' = (i T(X ® X v ) T(X) 0 J r (X v ) 

We denote the canonical isomorphisms by £: X{X y ) —► J r (X) v ; they are the components of a natural 
transformation which we call the duality transformation of (fF, £). 

Lemma 1.1. Let (J 7 , £): C —> D be a monoidal functor between rigid monoidal categories. Then the 
duality transform f is a monoidal natural transformation. 

Proof. We want to show that 

F(Y W ) ® F(X V ) — — F{Y V ® X v ) ^ ( °> F{{X 0 F) v ) 

l 

t{yy 0 p{xy —^ (?(x) ® F{Y)y —x(x 0 y) v 

commutes. To do this, we compare the two morphisms J-{Y W ) ®IF(X W ) —> (F(X) ®F(Y)) V arising 
from the diagram; note that two arrows f,g: A —> B v are the same iff evs(/ ® B) = evs(g 0 B). 
On one hand we have the commutative diagram 


£®id 

(T(Y W ) ® T(X V )) ® (T(X) ® T(Y)) — -5- T(Y v ® X v ) ® (JF(X) ® T(Y)) 


-9- F((X ® V) v ) ® (F(X) ® T(Y)) 
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which, besides definitions and naturality, contains the diagram 


£®id £ v (g)id 

F((X 0 r) v ) 0 (F(X) 0 T(Y)) -^ T(X 0 Y) v 0 (T(X) 0 T(Y)) ->■ (JF(X) 0 F(Y)) V 0 (T(X) 0 T(Y)) 


T{(X 0 Y) v ) 0 T(X 0 Y) ■ 
£ 

' ’ 

F({X 0 Y) v 0 (X 0 Y)) - 


id <g)£ 


• .7RX ® Y) v ® :F(X ® V) 


•F ( eV ) 


in its lower right part. On the other hand the diagram 


(x(y v ) ® t(x^)) ® (x(x) ® x(y)) ■ 




(Tiyy ® x(x) v ) <g> (p(x) ® x(y)) 


x((y v ®x v )<g> (x®y)) 



C®id 


^(ev) 


(X(X) ® x(F)) v ® (x(x) ® x(y)), 


in which eV is analogous to ev defined above, but with two instances of ev' instead of ev, commutes: 
Its upper triangle uses the definition of £ twice, and its lower left triangle is an application of the 
definition of ev' and coherence; the diagram 


(•7 r (V v ) ® T(X V )) ® (T(X) ® T(Y)) 

e 


n*') 



F(Y V ) ® ((^(X v ) ® T(X)) ® F(Y)) 

7 (Y V ) 8 «v' ®JF(V) 


provides more details. Thus, we are done. □ 


A pivotal monoidal category is a rigid monoidal category with 
isomorphism j: V —► V vv of monoidal functors. It follows that jv v 
Appendix]. 

If C,T> are two pivotal monoidal categories, and (X, £): C —* V 
say that T preserves the pivotal structure, if the diagrams 

T[X) ~ F{ '"> X(X VV ) 

i l 

X(X) VV —^X(X V ) V 

commute. 

Finally let us fix a few conventions on fc-linear categories over a field fc: First of all, we will assume 
that the morphism spaces of a fc-linear monoidal category are finite-dimensional. A simple object in 
a fc-linear category C is an object V with Endc(F) = k (note that sometimes such objects are called 
absolutely simple in the literature). A semisimple fc-linear category is an abelian fc-linear category 
in which every object is a direct sum of simple objects. A semisimple fc-linear monoidal category is 
a monoidal category, and a semisimple fc-linear category, such that the tensor product is bilinear, 
and we will make the general assumption that the unit object is simple. 


a pivotal structure, that is, an 
= (jy) _1 for all V € C, see [17, 

is a monoidal functor, we shall 
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It was noted in [15], see also [4, 2.1], that a semisimple fc-linear left rigid monoidal category is also 
right rigid. In fact if C is semisimple, then C(I, V ® V v ) ^ 0 implies 0 ^ C(V <g> V v , I) = C(V, K vv ); 
thus any simple V is isomorphic to its bidual V vv , and K v is a right dual of V. 

A fusion category [1, 4] is a semisimple C-linear rigid monoidal category with only finitely many 
isomorphism classes of simple objects. 


2. Strictifying pivotal categories 

The main result in this section says that every pivotal category can be assumed to be strict, 
which is supposed to mean that not only its monoidal structure is strict, but also the isomorphisms 
governing the compatibility between tensor product and duality as well as the pivotal structure 
itself are identities. This is proved by Barrett and Westbury in [2], who start from a different set of 
axioms. The proof we give seems to be somewhat shorter. 

A pivotal strict monoidal category is a strict monoidal category with a pivotal structure, that 
is, a rigid strict monoidal category with a chosen fixed duality functor and a monoidal natural 
isomorphism j: X —> X vv . By Mac Lane’s coherence theorem, in the form found, say, in Kassel’s 
book [11], every pivotal monoidal category is equivalent, as a pivotal monoidal category, to a pivotal 
strict monoidal category (one simply takes an equivalent strict monoidal category and transports 
the pivotal structure along the equivalence). 

Definition 2.1. A strict pivotal monoidal category is a pivotal strict monoidal category in which 
both the monoidal functor structure f of (-) v (hence also that of (-) vv ^ and the pivotal structure j 
are identities. 

Theorem 2.2. Every pivotal monoidal category is equivalent, as a pivotal monoidal category, to a 
strict pivotal monoidal category. 

Proof. Without loss of generality let C be a pivotal strict monoidal category. We construct a strict 
pivotal monoidal category C and a pivotal strict monoidal equivalence T: C —* C as follows: 

Objects of C are pairs (X, e) in which r £ No, X = (Xi,..., X r ) £ C r , and e = (ei,..., e r ) € 
(.Z/(2)) r . The object map of T is defined by T{X, e) = X (( ei <g>... ® X~f tr , where we put A -70 = X 
and X V1 = X y (and let the empty tensor product be the neutral object). We define 

C((X, e), (Y, 5)) = C(X(X, e),X(Y, 6)) 

and let T act on morphisms as the identity. Clearly T is an equivalence, with a possible quasiinverse 
mapping X £ C to ( X , 1) £ C. 

We define the tensor product on C as componentwise concatenation on objects. With this choice, 
.F((X, e)<8>(Y, 5)) = T(X, Y, S). In particular, we can define the tensor product of morphisms 

by taking the tensor product of morphisms in C; in this way C is a strict monoidal category, and T 
is a strict monoidal functor. 

We choose a duality functor for C by putting 

(X, e) v := ((X r ,..., A'i), (e r + 1,..., ei + 1)) 

and defining evaluation inductively: for r = 0, ev = id/. For X £ C, X £ C and e £ Z/(2) we define 
evaluation onX® ( X , e) by 


ev = 


I,£ + 1)®X V «X® (X, e) i - d0 - e - v -» i - d > (x, e + 1) ® (X, e) /) , 
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where ev: (X, e + 1) <g> (X, e) —» I is defined as 

(x v 0 X if e = 0 , 

(x 0 X v d®^X vv 0 X v if e = 1 . 

It is clear that with a suitable choice of db this does define a dual object. Also, it follows from the 
definition that for any X, Y £ C we have 

ev X0Y =(y v 0 X v ®X®Y ¥g- ev -g i - d > Y v 0 ¥ /) , 

so that in C the duality functor is strict monoidal. Another direct consequence of the definition is 
that the component 

F(X,e+l)-> X(X,e) v 

of the duality transformation £ associated to the trivial monoidal functor structure £ of the strict 
monoidal functor T is given by 

id: X v —> X v if e = 0, 

j : X —> X vv if e = 1. 

We define a pivotal structure for C in the unique way that lets T preserve the pivotal structure, 
that is, by requiring the diagrams 

x(x) ~ M,1 > X(X VV ) 

i l 

jr(x) vv jr(X v ) v 

to commute for each X G C. Observe that X vv = X by definition. We wish to show that, moreover, 
the top arrow T{j) is the identity for each X. 

Since the pivotal structure is a monoidal transformation, it is enough to verify this for the case 
X = (X, e) with X £ C and e £ Z/(2). In case e = 0, the lower horizontal arrow is the identity, and 
the right vertical arrow is j: X —> X vv , so the top arrow is the identity. In case e = 1, the right 
vertical arrow is the identity, and the lower horizontal arrow is j v . But by [17, Appendix] we have 
jx = j yv, so again the top arrow is the identity. □ 

Remark 2.3. Lemma 1.1 was used in the proof that the new pivotal structure is the identity, by 
reducing the question to the case of objects with only one component. Likely, the proof can be 
completed without using Lemma 1.1 by an inductive argument. 

3. Higher Frobenius-Schur indicators 

Throughout this section, C is a pivotal monoidal category, with pivotal structure j. We denote 
by y® n the ? 7 -fold tensor power of an object V £ C with rightmost parentheses; thus V ® 0 = I, and 
y®(n+i) = y 0 y®n_ j s a un jq ue isomorphism 

$(") : y®( n ~ l ) (g v —v F 0n 

composed of instances of explicitly d **- 1 - 1 is the identity, and 

$< n+1 ) = ^(V 0 y®!"- 1 )) 0 y y ® (y®(«-i) 0 y) Y ®* 1 '"’, yab+ilj . 
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Definition 3.1. For V,W g C, define Tvw ■ C(V v , W ) —► C{W SJ , V) by 

Tvw(f) = C^ V A y vv ^ V), 

and put 

E vw = (c(I, V ® W) ^ C(V v , W) C(W V , V) — C(I, W ® y)^ , 

= (c{i, v® n ) gv - v0(n ~ - > c(j, <g) y) < ? (J, * < " - ) > c(/, y® n )^), 

where A denotes the adjunction (1.1) associated with duality. Assume that C is k-linear. Then for 
any positive integers r,n, the ( n,r)-th Frobenius-Schur indicator ofV is the scalar 

Un,r(V) =Tr ((4 n) ) r ) . 

We will call u n (V) '■= v n ,i{V) the n-th Frobenius-Schur indicator ofV. 

We will give a reformulation of the definition of Eyw which will be useful later, in particular 
when we assume that the categories in consideration are strict, and use graphical notations. First, 
we define the following counterparts of the maps Aq and A: 

Definition 3.2. We have an isomorphism Bq : C(X ® V, W ) —> C(X, W ® y v ) with 

B 0 (f) = ^x x ® (y ® y v ) ~ (x ® v) ® y v w®v w ^ , 

B~\g) = (x® v (w®y v )®y ^ w® (y v ®y) w). 

We note the special case X = I, with B = Bq: C(V, W) —> C(I,W ® y v ) given by 

B(f) = (i ^ y ® y v w ® v w ^j , 

B~\g) = (v (w ® y v ) ® v w ® (y v ® y) ^ . 

It is easy to see (and well-known, at least implicit for example in [9]) that the composition 

c(v, w) c(i, w ® y v ) c(w v , y v ) 

is given by AB(f) = / v . 

Definition 3.3. Denote by D = Dy,w '■ C{I, V ® W ) —► C(I , W ® y vv ) f/ie composition 

d = (c{i, v®w)^ c(v v ,w) c(i, w ® y vv )). 

Lemma 3.4. We have 

e vw = (c(i, v®w) c{i , w® y vv ) C(J,tt " 8 - ' 1} > c(i, w® y)^ . 
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Proof. Comparing the definitions of D and E, we have to show that the outer pentagon of the 
diagram 


C(V V , W ) — C{I, W ® V vv ) 



C(W v ,V vw ) 


C(I,W®j~ 1 ) 


C(W v ,r 1 ) 

C(W w , V) —C(J, W®V) 


commutes. But we know that the triangle commutes, and the quadrangle is naturality of A applied 
toj -1 . □ 


4. Invariance I 

The definitions of the maps Eyw and Ey' 1 are given in terms of monoidal structure, duality, and 
pivotal structure. Thus if C,P are two pivotal monoidal categories, and ifF. f) : C — > V is monoidal 
(hence preserves duality), and preserves the pivotal structure, then T preserves Eyw and Ey\ in 
a sense we will make precise shortly. While the statement is conceptually evident, the proof will 
involve some technical machinery. The technical difficulties are due mostly to the fact that Eyw is 
a map of sets, and not a morphism defined in the category. 

Lemma 4.1. Let {T, £): C —> D be a monoidal functor between rigid monoidal categories C,D. 
Then for all V,W € C we have 

C{I , V ® W) —£-*■ P{I, T{V ® W)) — — - P{I, F(V) ® T{W)) 

A A 

C(V v , W) F » PFFiV'). T(W)) PifFi Vy'.PiW)) 

or HAim- 1 = M^Hf)) for f-. I ^V®W. 

Proof. It is convenient to prove A~ x [fF (g)£ -1 ) = f~ l T {A~ x (g)) for g: V v —* W instead, by a look 
at the diagram 


JF(db) 


• T{y ® v w ) ■ 


F(V®g) 


■ T{V ® W) 


db 


T{V) ® ./•'( l') v - ' ’ — ./•'( V 5 ® P(V V ) - ^ .7'! V) ® ,7'fU j 


whose top line is IF(A 1 (<?)). □ 


Similarly: 

Lemma 4.2. Let (.T 7 , £): C —> P be a monoidal functor between rigid monoidal categories C,P. 
Then for all V,W G C we have 


C(V, W) — 

B 

C(I : W®V w ) 


- P{T(V ), T(W)) ---- P(I, T{W) ® E(VY) 

VII £ _1 ) 

P(J, T{W ® V v ))-- X>(J, .F(W) ® ^(V 7 )) 
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Recall that there is a unique isomorphism = £ ? : T(V® n ) —► T(V)® n composed formally of 
instances of the monoidal functor structure £. Explicitly £° = id/, = id/r(y), and 


£(«+!) = ^(R®( n + 1 )) ^ v ’ v ® n , T(V) 


,P(V® n ) 




(») 


T(V)®( 7 


+ 1 ) 


Proposition 4.3. Let C —> D be a monoidal functor that preserves the pivotal structure. 

Then for any V,W € C, we have the following commutative diagrams: 


(4.2) 


C(I,V®W) — 

E 

cttr 1 ) 


Ey,w 


-*C(I,Wi2>V) 

E 

V{I,F{W ® V)) 

viLr 1 ) 


V{I,F{V)®T{W))~ - Dil.lFiW) F(V)) 


;W 


(4.3) 


C(I 7 V® n ) — 

E 

V(I,F(V® n )) 
v(i, { (n) ) 
V(I 7 P(V)® n ) 


E‘ 


(n) 

>(V) 


-^C(/,P® n ) 

E 

V(I 7 T(V® n )) 

■T>(I,F(V)® n ) 


Proof. By Lemma 3.4, functoriality and naturality 



C(I, W ® P vv )- 

E 

V{I, T(W®V y v)) - 

cttr 1 ) 

x>(i,.f(wo ® .f(v vv )) 


Cf/.W®;/- 1 ) 




—»-C(/,W<B> V) 

E 

v(i, Tiyv ® v)) 

15(7,C" 1 ) 

■ i>(j, ^(w)®^(y)) 
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commutes. Thus, to prove (4.2) we have to check commutativity of the right hand area of 

c(v v , w) -—-- c(i, v ® w) ---- c(i, w ® v w ) 

T T T 


V(f(V y ),T(W)) 
v(r\^(w)) 


V(I,T(V ®W)) 


Bttr 1 ) 


T>{F{Vy,F(W)) > T>(I, T(V) (8) E(W)) 


D 


T>(I,f(W)®f(V) vv ) 


T>(I ,J r (W)®j~ 1 ) 


V(I, F(W® y vv )) 
V(I,T(W)®E(V ys/ )) 
■V(I,E(W)®E(V)) 


But the left hand area is Lemma 4.1. The way around the outside of the diagram commutes by 
Lemma 4.2, since T preserves the pivotal structure by assumption. 

(4.3) follows from (4.2) and the coherence of the monoidal functor T. □ 


The following corollary is an immediate consequence of Proposition 4.3. 

Corollary 4.4. Let C, T> be k-linear pivotal monoidal categories over a field k, and T : C—>V a 
k-linear monoidal equivalence that preserves the pivotal structure. Assume 0(1, V ) and T>(I , W) are 
finite-dimensional for all objects V in C and W in T>. Then 

Vn,r( V ) = VnAHV)) ■ 

for any object V in C and positive integers n,r. □ 


5. The powers of E and the values of v n 

(n) 

The main results of this section concern the powers of the map Ey ' — whose n-th power turns 
out to be the identity — and the consequences for the possible values of its trace v n . In view of 
Proposition 4.3 and Theorem 2.2 we can assume that we are dealing with a strict pivotal monoidal 
category to prove these results. Thus for the rest of this section, except for the statements of the 
main results, we assume that C is a fc-linear strict pivotal monoidal category. We use graphical 
calculus in C (see for example [8] or [11]). In particular, we use 


V v V 


and 


V 


Vi 


V n 


to depict the evaluation morphism ev: V y <8> V —* /, the dual basis morphism db: I —* V ® V v , and 
a morphism /: / —*• V) <8>... <8> V n , respectively. Thus, by Definition 3.3 and Lemma 3.4 we have 


Evw(f ) = Dvw(f) = 


f -\ 



WV 


for /: / —> V <8> W. From this we deduce 
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(5.4) 


Ev,w®uEu,v®w{f) = 


\ E U,V®w(f)\ 


WU V 

U ®V ®W , which we use to prove 


= Ei 


u®v,w 


(/) 


WU V 

for each /: I 

Theorem 5.1. Let C be a pivotal monoidal category, V £ C and n£P). Then ^ Ey ^ = id. 

Ifk is an algebraically closed field of characteristic zero andC is a k-linear pivotal tensor category, 
then the (n, r)-th Frobenius-Schur indicator u n y{y) is a cyclotomic integer in Q n C k for any object 
V £ C and positive integers n,r, and we have Vn,n-r(V) = v n ,r(V)- 

Proof. It is sufficient to treat the case where C is strict pivotal. We prove ^ Ey ^ = £v®*,v®(’*- fc > 

for all 0 < k < n by induction: This is obvious for k = 0 (and the definition of Ey 1 for k = 1). 
Inductively, 

fc+i 


( 4 n) ) = 4 n) ( 4 n) ) 


— Eyy®(n-1) Ey®k y®(n-k) 

= Eyy®( n -k-\)Qy®kEy®k y^y®(n-k-l) 

= E- 


= Ey®(k+1) y®(n-k-l) 

applying (5.4) with U = V® k and W = V®l n ~ k ~P, 

Now (^Ey^ = E v ®nj, so to show that (^Ey^ = id, we are reduced to observing that both 

A: C(I,V) —> C(V v ,/) and B: C(V,I) —► C(I,V v ) are special cases of the duality functor, and so 

EvAf) = / W = / for all /: I - V. 

If, in addition, C is fc-linear, then Ey' 1 is a linear operator on the fc-linear space C(/, V® n ). Since 
(^ Ey ^ = id, (y Ey 1 ^ is diagonalizable for every integer r, and all its eigenvalues are n-th roots of 

unity. Thus, 


nnAV)=Tr ((4 n) ) r ) 


is a cyclotomic integer in 


Also, since 


( 4 ">)' 


is the inverse of 


(4>y 


the eigenvalues of these diagonalizable endomor- 
phisms are inverse to each other. Since they are roots of unity, they are complex conjugate, and so 
are, consequently, the traces, which are the indicators v n ^ n - r {y), and u n AV), respectively. □ 


The definition of the map Ey 1 ' 1 is not left-right symmetric; we have chosen to “bend the leftmost 
strand of over the top”. Instead of repeating all the details of the definitions in the opposite 
order, we will be very brief in giving the relation between the two versions in the semisimple case: 

For V £ C denote by I/ sym the object V viewed in the monoidal category C sym , and let iy t ,fc(W 5ym ) 
be the (n, fc)-th Frobenius-Schur indicator of V sym g C sym . 

Lemma 5.2. Let C be a semisimple k-linear pivotal monoidal category. Then t' r i,fe(I ysym ) = n n ^ n -k(V) 
for every V £ C and integers n,k. 
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Proof. We can assume 1 < k < n. Since C is semisimple, composition is a nondegenerate bilinear 
form C(V® n ,I) x C(I,V® n ) -» k. Choose a basis qi G C(I,V® n ) and let Pi : V® n -> I be the 
elements of the dual basis. Thus the trace of an endomorphism F : C(I,V® n ) —> C(I,V® n ) can be 
computed as Tr(F) = ’}2 i PiF(q i ) G C(/,J) = k. We use the graphical notations 

y®(n— k) y®fc 

fJ---L| and l| 

y®/c y®(n— k) 

for q G C{I, V® n ) and p G C{V ® n , I) to find 








r 

\ 



E 

4 N 

1 Qi 1 

= E 

1/ 

nl 

1 9, V 1 

= E 

fn 

1 9, 1 

\J 

= E 

f \ 

1 qi 1 


| Pi 








Pi | 





Pi 


Pi 





The left hand side computes the trace of (^Ey^ = E v ® k y®(n-k), while the right hand side does 

( / •. \ 71/ k 

Ey s , m ) in the category C sym . □ 

6. Invariance II 

Throughout this section we assume that C is a fusion category. 

The Grothendieck group K(C) of C is a ring with the multiplication 

[U}[V] = [U®V] 

for any U, V G C, where [U] denotes the isomorphism class of U. Note that K(C ) is a free abelian 
group with a basis {[1^]} where 14,..., V n is a complete set of non-isomorphic simple objects of C. 
Thus, for any V G C, there exist unique non-negative integers IVj,i,..., N i>n such that 

[v][v i \ = Y, N iAv j ]. 

j 

The Frobenius-Perron dimension of V, denoted by FPdim(I^), is defined to be the largest nonnegative 
real eigenvalue of the non-negative integer matrix 

Pv = [Nij ]; 

it dominates the absolute values of all eigenvalues of pv (cf. [4, Section 8]). The Frobenius-Perron 
dimension FPdim(C) of C is defined to be 

^FPdim04) 2 . 

i 

By [4, Proposition 2.1], for any simple object V G C, there exists an isomorphism a : V —W vv . 
One can define the categorical trace tr(a) G C of a by 

tr(a) =(I^F®F V V vv ® V v I). 

The normed square of V, denoted by \V \ 2 , is defined to be 

|K| 2 =tr(a)tr((«- 1 ) V ). 
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Note that the definition of |P| 2 is independent of the choice of a. The global dimension dim(C) of 
C is defined to be 

i 

A fusion category C over C is called pseudo-unitary if dim(C) = FPdim(C). It was shown in [4, 
Proposition 8.23] that if C is a pseudo-unitary fusion category, there exists a unique pivotal structure 
j : Id —>(-) vv such that 

(6.5) tr(jV) = FPdim(P) 

for every simple object P £ C. 

The following lemma says that monoidal functors preserve traces in a suitable sense: 


Lemma 6.1. If (X, £): C —> D is a monoidal functor between rigid k-linear monoidal categories, 
and a: V —> P vv in C, then 

(6.6) •7 r (tlc(a)) = tr-p (V(P) X(P VV ) X E X(P) VV ^ . 

Proof. We can write the categorical trace map as the composition 

ti^ = (c{V, P vv ) C{V ® P v , /) - --- - ) > C(J, I)^j , 

SO 

tr c (a) = (V V 0 P v B ° 1(a) > . 

Writing W = P v , the diagram 


F(a)®F(W) 


£®F(W) 


T(V) 0 .'/•'(IF: " b J-i\\' x ) ® T{W) - T(Wy ® T{W) 


. . . .. . .T-Yev) 

x(P ® w)-- X(IP V ® w)- -1 


shows B(B 0 1 (a))£ = J5 0 1 (^J r (a)) for a: P —► IP V in C, which is yet another variant of Lemma 4.1. 
Further, Bq 1 : P(X, P v ) —> 2?(X ® Y, I) is natural, so for X and f:Y —► Z in D 


V{X, Z v ) 

V(XJ V ) 

V{X, P v ) 


■V(X®Z,I) 

D{X®f,I) 

■V(X®Y,I) 


commutes, that is to say, for each b: X —> Z v , the diagram 


A'®/ 


X®F 


X® Z 
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commutes. As a consequence, 

I- 


^(db) 


■ V v ) 


db 

Tiy) ® T{vy 

B 0 _1 ((r 1 ) v ^(a)) 

commutes, and the outer rectangle is our claim. □ 



Corollary 6.2. Let (V 7 , £): C —> D be a C-linear monoidal equivalence of pseudo-unitary categories. 
Then T preserves the canonical pivotal structures. 

Proof. Being a C-linear monoidal equivalence, T preserves the Frobenius-Perron dimensions, so for 
any simple V in C 

tlx)((C _1 ) V |-? r (jv)) = FtelcUv)) = t IcUv) = FPdim(F) = FPdim(.F(V)) = tr D (Jr(v))- 

Since V(W, W vv ) is one-dimensional for any simple object W, the canonical pivotal structure on 
7F{V) is determined by its trace, and we are done. □ 


Corollary 6.3. The Frobenius-Schur indicators of the simple objects of a pseudo-unitary fusion 
category C are invariants of C as a monoidal category. 


7. Frobenius-Schur endomorphisms 

Throughout this section C is a semisimple /c-linear monoidal category. Recall that in our conven¬ 
tions this includes the condition that the unit object is simple, and that being simple means that 
the endomorphism ring is isomorphic to the base field k. 

Let S' be a simple object in C. We say that an object V is S-isotypical if it is isomorphic to 
a sum of copies of S. An /-isotypical object will be called a trivial object. The subcategory of C 
consisting of all trivial objects will be denoted by Triv(C). An arbitrary object V is isomorphic 
to a direct sum of S-isotypical objects. More explicitly, there are S-isotypical objects V^ and 
morphisms i ^: V < - s> —* V and ir^ : V —> V ^ for each simple S from a set of representatives of 
the isomorphism classes of simples in C such that 

VS: = idy(S), 

L^l= idy . 

S 

We will call the triple (V^ s \ l^ s ' ) , tt^) an S-isotypical component of V. Isotypical components are 
uniquely determined up to isomorphism in an obvious sense. We will only be needing /-isotypical 
components, which we will call trivial components and denote by (F trlv , i, 7r). 

Lemma 7.1. Let C be a semisimple k-linear monoidal category. There is a unique isomorphism 
TVT ■ V <3> T T natural in T e Triv (C) and V € C for which Tyi is the identity (the canonical 
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isomorphism). For all V,W in C the diagram 


(7.7) 


(V ®W)®T — 
$ 

V ® (W ® T) 


T®(V®W) 

{T®V)®W 


V® r 


r®W 


V®{T®W) {V®T)®W 


commutes. 


Proof. Fix V, and write T as a direct sum of copies of I, with projections 7Tj: T —> I and injections 
G: I —> T for i in some finite index set. If r is to be a natural transformation, then the diagrams 


V®T- 

V ®7Ti 

V (8)7 = 


■T®V 

--I®v 


should commute, and there exists a unique isomorphism r making these diagrams commute. Let 
T' be another trivial object, and choose a direct sum decomposition with projections 7r(: T' —► I 
and it : I —► T'\ construct ry-r' analogous to Try. Let f:T —* T' be a morphism, and let = 
7r(/t ; - :/—>/. The diagrams 


v®f 

V ® T -V V ®T' ■ 




E®7rJ 


■T'®V 


v ®Otij 

■V ®I-- 

I® V 

V®T—^ 

T® V ■ 

f®V 

- ^T'®V 


V®Lj 

V®I = 


■■I®V 


otij®V 


i®v 


and the fact that ctij ®V = V ® show that (/ (g> V)t = t'(V <S> /), so that r is independent of 
the choice of the direct summand decompositions, and natural in T. Naturality in V is obvious, and 
the braiding equality (7.7) follows from uniqueness. □ 

Definition 7.2. Let C be a semisimple k-linear rigid monoidal category , V an object of C, and 
n G N. 

Choose a right dual X of and a trivial component ((V® n ) trlv , i,tt). 

The n-th Frobenius-Schur endomorphism of V is the composition 


FS^ 0 = (v X 0 0 V ) ; ■ X ® V® r 


X®TZ 


X ® 1+ (y®n)triv 0 x y®n 0 X _£* > 
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where 

U = (v (X ® ® y)) , 

C = ((y ® g, x y ® (y®(n-i) 0 x) y) , 

and t is as in Lemma 7.1. 

Lemma 7.3. Let V be an object ofC. The n-th Frobenius-Schur endomorphism ofV is independent 
of the choice of a right dual and of the choice of a trivial component functor. If IF: C —> T> 

is an equivalence of semisimple k-linear monoidal categories, then ■7-YFS^') = FS 

Proof. By contrast to our earlier definitions of Ey ' and the indicators, the construction of FS*-"- 1 
takes place entirely within the monoidal category C; the verifications are thus routine, and we will 
omit the details. □ 

Remark 7.4. Let V be an object ofC, and choose a trivial component (y trlv , t, 7r). Choose a direct 
sum decomposition of V trlv with projections TTi: y trlv —> S and injections ij: S —> y trlv for i from 
some finite index set. 

The composition C(V,I) x C(I,V) —► C(/,/) = k is a nondegenerate bilinear form, with pi = 
nin: V —+ I and qi = iii \ I —► V as dual bases. 

The following definition follows Barrett and Westbury [2]: 

Definition 7.5. LetC be a pivotal monoidal category with pivotal structure j. For an endomorphism 
f : V —> V we define the left and right pivotal traces to be 

ptr r (/) = tr (j v f) = (i ^ v ® y v v ® y v J - v ® yV > y vv ® y v ^ ij 
ptrV) = (/"y v »yw^v v ^ 7 zx v v g7 ^ J j. 

The category C is called spherical j/ptr^(/) = ptr r (/) =: ptr(/) for all f. 

Note that ptr^(/) = ptr r (/ v ). It is well-known and easy to check that the pivotal traces are 
cyclic, for g: V —> W and f: W -^V: 

ptr r (f g ) = J - f , - '- v > y vv <g>y v ^ 

= yvv 8 yv^j 

= ^j^y 0 yv«^Ty vv ®fy v 

= (V ^ w 0 w'* ^ r "' v > w vv ®w v ^i 

= Pt r r (gf). 

In the case where C is strict, the left and right pivotal traces are given, in the graphical calculus, 
by closing the morphism / to a loop on the left, resp. on the right: 
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Theorem 7.6. Let C be a semisimple k-linear pivotal monoidal category. For an object V in C we 
have 

v n (V) = ptr^ (FSy } ). 

In addition, if C is spherical, then v n (V) = i/ n (V v ). 


Proof. In view of the previous results, it is enough to prove the claim under the assumption that C 
is strict as a pivotal category. 

Choose a trivial component ((p® n ) trlv ) t) 71 -), and choose a direct sum decomposition of (P®") trlv 
with projections 7 r,: (p®’' l ) trlv —> / and injections if. I —> (p® n ) trlv . p u t p t = 7Tj7r and q z = if. 

Put W = P®^" 1 ) and T = (p®«) triv ; and use the graphical notations 


WV 




V W 


W V 


T 


T 


V W 


W T 

TWT = X 

T W 


to find 


Tr (4 n) ) = £ 


( - 

\ 

1 qi 1 




= X 


n 


( n 


x 


|X = ptr 


X 


Vp 


Note that 


P v 


(ESyV = 


X 


v_y 


P" 


P v 


=_x 


= FS 


(») 

v v 


P v 


If C is spherical, we have 


u n (V) = ptr £ (FSy ■*) = ptr^((FSy X) = ptr*(FSffi) = v n ( P v ). □ 


Proposition 7.7. The Frobenius-Schur endomorphism is a natural endomorphism of the identity 
functor on a semisimple k-linear rigid monoidal category. 

Proof. It suffices to prove this in the case where C is strict. Consider /: P —> IP in C. Write 

f k = VP 0 ( fe_1 ) <g ) / (g> p®(«- fe ) : ip®( fc-1 ) <g) p®(«-fe+l) pp®fc (g, y®(n-k), 
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and denote by ik, 7r k the inclusion and projection of W® k ®V®^ n ^ from and to its trivial component. 

ff iv and nkfk = if 

V V V V 


In particular fkik-i = kkfjf lv and nkfk = /fc rlv 7Tfe-i• Now for 1 < k < n 


FT 


fk 


= \fl 


fk ‘ V — 


fk 


FT _K 


W 


and for 1 < k < n 


V 


V 


WWW 

V V V 


V 


fk 


fk 


FT _K 



w 

and thus, inductively 


w w w w 

V V V V 


w 


f fs£* } = 


7T 

7T0 

77 n 

& 


>V 

JpT 



f 

w 


f 1 


X 


= ESw } / 


w 


w 


w 


□ 


Corollary 7.8. The Frobenius-Schur indicators are additive, that is v n (V © W) = v n (V) + is n (W) 
holds for objects V,W in a semisimple k-linear pivotal monoidal category C. 

Proof Since the pivotal traces are cyclic, taking the pivotal trace is additive (cf. [7, Prop.l]), as is 
the natural transformation ¥ff n> . □ 

Remark 7.9. To define the Frobenius-Schur indicators and prove their basic properties, we need 
not assume that the category C is semisimple. It is enough to assume that we are given a linear 
endofunctor (-) trlv of C such that every V tTlv is a direct sum of copies of the neutral object, and 
natural transformations l: V tTlv —> V and n: V —> V tllv . If C = 77-modfi n is the category of 
finite-dimensional modules over a unimodular (quasi-)Hopf algebra H, we could take V tTlv to be the 
submodule of H-invariants, and define n as multiplication by an integral. If l and ir can be chosen 
so that 7 u = id, then the triple ((-) trlv , t, 7r) is unique up to isomorphism and the resulting Frobenius- 
Schur endomorphisms are unique. In the case that C = H -modfi n as above, the existence of such a 
triple is well-known to imply semisimplicity of C. 
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It is also possible to define Frobenius-Schur endomorphisms whose traces correspond to the indi¬ 
cators v n ,k(V) with fc > 1. Since it is quite tedious to even write these down in full generality in the 
non-strict case, we will give details only in the strict case. 

Definition 7.10. Let V be an object in a left and right rigid monoidal category. 

(1) If C is strict monoidal, we define generalized Frobenius-Schur endomorphisms ofV by 


V 



where we have used the following distribution of the tensor factors over the “legs” of the 
graphical symbols for n and t, with k = I + r + 1; 

y®(n-fc) y y®r 

y®i y y®r y®(n-k) 

We abbreviate = FS|" ,fc ~ 1,0 ) for 1 < k < n. 

(2) In general, define FS^’^' * = IF 1 ^FS^y^, where T\ C —> V is a monoidal equivalence 
with a strict monoidal category T>. 

Remark 7.11. Strictly speaking, the second part of the definition requires the proof that the endo¬ 
morphisms defined in the first part are invariant under monoidal equivalences between strict monoidal 
categories. Except for the difficulty to write down the large expressions, this is routine, however. Of 
course the general definition is then also invariant under monoidal category equivalences. On these 
grounds, we will only give proofs for the strict case below. 

Proposition 7.12. Let V be an object of a k-linear semisimple pivotal monoidal category. 

We have v n ,k(V ) = ptr £ for all n, k. 

If r > 0, we have ptr e = ptr r ^FS("’ f+1,r ~ 1 ^ . 

If C is spherical, we have v n ^{V) = ptr ^FS|"' f '’ ^ whenever k = t + r + 1. 

Proof. The proof of the first assertion is analogous to that of Theorem 7.6. The second is obvious 
from the graphical representation of left and right pivotal traces, and the third is a consequence of 
the first two. □ 

Remark 7.13. If V is a simple object in C, then ptn(idi/) ^ 0 ^ ptr r (idy). Indeed ptryidy), 
for example, is the composition of two nonzero morphisms I —► V ® V y and V <g> V v —> I, which 
is nonzero since the multiplicity of I in V ® P v is one; see [7, Lem.l] or the discussion after [4, 
Prop.2.1]. 

In particular, an endomorphism of V is uniquely determined by its trace. Thus the preceding 
proposition shows that FSy ’ £ ’ r ' > = pgh 1 ^+ r + 1 ) holds for every simple object V in a k-linear semisim¬ 
ple spherical monoidal category. Since the next proposition shows that the various Frobenius-Schur 
endomorphisms are natural, FSy then holds for all objects V. 
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Proposition 7.14. If n and k = I + r + 1 are relatively prime, then FSy ’ ’ is natural in V. 

Proof. We use the permutation s £ S n determined by requiring s(i) £ {1,..., n} to be congruent to 
i + k modulo n. (This occurs for similar reasons in [10] as a special case of more general permutation 
constructions.) Note that s is an n-cycle since n and k are relatively prime. 

Consider /: V —> W. For any Xj. Yj in C we will write 


f p : X± ® ® X p _i ( 8 > V ® Y\ < 8 > ... <g> Y u —*• X\ (g)... ® X p _i ® W <g> Y\ ® ® Y u . 


for the morphism that acts as / in the p -th position and the identity otherwise. Define a series of 
objects and morphisms 


m 


m 


V[0] ^ V[l] V[2] 


f M 


V[n] 


by V[0] = V 0n and f[i] = / s »-this fixes V[i], which has to be the appropriate target; note 
that the sequence is well-defined since s is transitive; we have V[n\ = W® n . Denote the injection 
from and projection to the trivial component of V[i\ by Li and 7r,;. 

Now as before we have 


V V 




for any i £ {1,... ,n}. If p := s l 1 (I + 1) < n — k, then 


V V 
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since p + k = s(p) = s l {£ + 1). If n — k < p < n — k + £, then for q := p — n + k 


V V V 



since q = s(p) = s l (£+ 1). If p > n — k + £ + 1 = n — r + 1, then we set q = p — n + k — £ — 1 and find 


V V 




since now q + £+1 = p+k — n= s{p) = s z (£+1). Because s has order n and s(n — k + £+ 1) = £ + l, 
the case p = n — k + £+ 1 = s n_1 (£ + 1) occurs when i = n. Thus, using induction, we have 



□ 


Remark 7.15. As our definition of the definition of the various Frohenius-Schur endomor- 

phisms above is not left-right symmetric. In particular, the Frobenius-Schur endomorphism FS^ 
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for V sym as an object of C sym is given pictorially by 

V 



V 

and similarly for FS^"’^. Using Lemma 5.2 we see that (some of) these endomorphisms could 
equally well be used to compute the indicators. Moreover, as in Remark 7.13, for the case of a 
k-linear semisimple spherical monoidal category the endomorphisms agree up to relabelling, e.g. the 
one instance for which we have given a picture agrees with FS/’” ^. 
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